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Finite Differences


•  There are two conceptually different ways 
to represent continuous functions on 
digital computers

–  As a finite set of grid points or

–  As a finite set of series-expansion 

functions


•  The grid-point approach is used in 
conjunction with finite-difference 
methods, the most widely used technique


•  Time dependence is almost always 
discretized and treated with finite 
differences.
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Finite Differences


•  Basic premise of finite differences is that the concept 
of derivative is based on a limit of the form


•  If the derivative of f(x) is continuous at x0, all three 
expressions produce the same unique answer


•  If we assume that the limit is reached in a “smooth” 
way, then there is some range of    for which the 
derivative is closely approximated by the difference


€ 

df
dx

x0( ) = lim
Δx→0

y x0 + Δx( ) − y x0( )
Δx

€ 

df
dx

x0( ) = lim
Δx→0

y x0( ) − y x0 −Δx( )
Δx

€ 

df
dx

x0( ) = lim
Δx→0

y x0 + Δx( ) − y x0 −Δx( )
2Δx

€ 

Δx

Right, downstream 

Left, upstream 

Center
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Finite Differences


•  When   is finite, the finite-difference approximations 
are not equivalent


•  They differ in their accuracy and structure 

•  The differences in the structures of these algebraic 

equations can have a great influence on the stability of 
the numerical solution


€ 

df
dx

x0( ) = lim
Δx→0

y x0 + Δx( ) − y x0( )
Δx

€ 

df
dx

x0( ) = lim
Δx→0

y x0( ) − y x0 −Δx( )
Δx

€ 

df
dx

x0( ) = lim
Δx→0

y x0 + Δx( ) − y x0 −Δx( )
2Δx

€ 

Δx
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Derivative with Finite Differences


€ 

xi

Right


€ 

xi −Δx

€ 

xi −Δx

€ 

xi + Δx

Left   Center  


•  Blue line - estimate of derivative, red line - true 
derivative


•  Discretizing space creates a grid spacing

•  Therefore, we introduce errors that should increase as   

get larger. 


•  However, as   go to zero, our numerical solution should 
convergence on the correct solution.


€ 

Δx

€ 

Δx

€ 

Δx

€ 

xi +1

€ 
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€ 

xi −1

€ 

xi

€ 

xi −1

€ 

xi +1

€ 

φ

€ 
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€ 
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€ 
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•  The exact derivative can be calculated to 
within an arbitrarily small error by insuring 
that   is sufficiently small


•  But computers put restriction

€ 

Δx

Derivative with Finite Differences
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Properties


•  Accuracy

•  Consistency

•  Stability

•  Convergence
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Properties


•  Accuracy

–  How well does finite difference expression 
approximate the derivative? 


–  How big is the difference between the 
expression and the derivative it is 
attempting to approximate?


•  Consistency

•  Stability

•  Convergence
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Properties


•  Accuracy

•  Consistency


–  Consistency means we are solving the 
correct problem


–  Does the approximation go to the true 
limit as the mesh spacing goes to zero?


•  Stability

•  Convergence
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Properties


•  Accuracy

•  Consistency

•  Stability


–  Stability means the solution will not 
grow unbounded with time.


–  If a scheme solves a time-integration 
problem, then does the solution for a 
long (infinite) time remain bounded, 
provided that the differential equation 
remains bounded?


•  Convergence


Unstable scheme 

t 
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Properties


•  Accuracy

•  Consistency

•  Stability

•  Convergence


–  The equivalence (Lax Richtmyer, 1956) 
theorem tells us that convergence is assured 
if the numerical scheme is both consistent & 
stable


–  So, convergence related to stability, but 
not the same


–  A scheme is convergent if integration to the 
same time with finer and finer resolution 
gives an answer that approaches to a limit
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Accuracy


•  Start with Taylor series

•  Expand the terms like        in Taylor 

series about x0 and substituting these 
expressions into the finite-difference 
formula (e.g., into downstream scheme)


€ 

f x0 + Δx( ) = f x0( ) + Δx df
dx

x0( ) +
Δx( )2

2!
d2 f
dx 2

x0( ) +
Δx( )3

3!
d3 f
dx 3

x0( ) + ......

€ 

f x0 + Δx( ) − f x0( )
Δx

=
df
dx

x0( ) +
Δx
2!

d2 f
dx 2

x0( ) +
Δx( )2

3!
d3 f
dx 3

x0( ) + ......

€ 

f (x0 ± Δx)
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Accuracy


•  As      , our error becomes smaller

•  This error is know as “Truncation Error”

•  It is the error associated by truncating the 

Taylor series


€ 

f x0 + Δx( ) − f x0( )
Δx

=
df
dx

x0( ) +
Δx
2!

d2 f
dx 2

x0( ) + ......

Approximation Expression Error 

€ 

Δx→ 0
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Accuracy


•  Our error is reduced by half when the spacing 
is reduced by half


•  Lowest power of   in the truncation error 
determines the order of accuracy of the 
finite difference


•  The one-sided difference (downstream scheme) 
is “First-Order” accurate
€ 

Δx

€ 

f x0 + Δx( ) − f x0( )
Δx

=
df
dx

x0( ) +O Δx( )
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Accuracy


•  For higher-order finite-difference 
approximations, follow the example in 
Chapter 2 of Durran


•  The maximum order of a finite difference 
approximation to a derivative is one less 
than the number of terms in the stencil
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Accuracy of Entire Scheme


•  We now turn from the consideration of 
individual finite difference (FD) to examine 
the accuracy of an entire finite-difference 
scheme.


•  We will examine the FD approximation to the 
simple 1D inviscid advection equation


•  What is the accuracy of our entire scheme?
€ 

∂u
∂t

+ c ∂u
∂x

= 0

€ 

ut + cux = 0
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Accuracy


•  Let us use one-sided “upstream” or “up-wind 
scheme” as our practical example, not 
because it is good (actually, it is pretty 
bad) but owing to its simplicity and 
pedagogical value
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Accuracy


•  The upstream approximation to 1D inviscid 
advection equation


•  “c” must be nonnegative in this example, so the 
wave is moving from left to right


•  The upstream scheme is “forward-in-time” and 
“upstream-in-space”


•  The upstream scheme is “explicit”, because     is 
the only unknown


•  What is the accuracy of our entire scheme?


€ 

ut + cux = 0

€ 

u j
n+1 − u j

n

Δt
+ c

u j
n − u j−1

n

Δx

 

 
 

 

 
 = 0

€ 

u j
n

€ 

u j
n+1

€ 

u j−1
n x 

t 

€ 

u j
n+1

Here & 
Present


There


Future


Wave 
direction
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Accuracy


•  With Taylor Series expansions


•  How do you know how many terms to keep in the 
Taylor series?


€ 

u j
n+1 − u j

n

Δt
+ c

u j
n − u j−1

n

Δx

 

 
 

 

 
 = 0

€ 

u j
n

€ 

u j
n+1

€ 

u j−1
n

€ 

u j
n+1 = u j

n + utΔt + utt
Δt( )2

2!
+ uttt

Δt( )3

3!
+ .....

€ 

u j−1
n = u j

n − uxΔx + uxx
Δx( )2

2!
− uxxx

Δx( )3

3!
+ .....

x 

t 
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Accuracy


•  With Taylor Series expansions


•  According to above original PDE, RHS 
(truncation term,  ) should be zero


•  But this is not likely to be true, at least 
for finite values of   and  


€ 

1
Δt

u j
n + utΔt + utt

Δt( )2

2!
+ uttt

Δt( )3

3!
− u j

n
 

 
 
 

 

 
 
 

+
c
Δx

u j
n + uxΔx − uxx

Δx( )2

2!
+ uxxx

Δx( )3

3!
− u j

n
 

 
 
 

 

 
 
 

= 0

  

€ 

ut + cux = −
Δt
2
utt +

cΔx
2

uxx −
Δt( )2

3!
uttt −

c Δx( )2

3!
uxxx +O Δt( )3, Δx( )3[ ]

τ
                       

€ 

ut + cux = 0

€ 

Δx

€ 

Δt

€ 

τ
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Accuracy


•  For nonzero   and  , it is seen that we 
are NOT exactly solving


•  Because the truncation error is nonzero

€ 

ut + cux = 0
€ 

Δx

€ 

Δt
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Accuracy


•  For nonzero   and  , we can manipulate the 
truncation term (  ) to gain some physical 
insight on the problem we are actually 
solving


•  First perform   to the above equation to 
yield


€ 

τ

  

€ 

ut + cux = −
Δt
2
utt +

cΔx
2

uxx −
Δt( )2

3!
uttt −

c Δx( )2

3!
uxxx +O Δt( )3, Δx( )3[ ]

τ
                       

€ 

∂
∂t

€ 

utt + cuxt = −
Δt
2
uttt +

cΔx
2

uxxt −
Δt( )2

3!
utttt −

c Δx( )2

3!
uxxxt +O Δt( )3, Δx( )3[ ]

€ 

Δx

€ 

Δt
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Accuracy


•  Then perform      to the above equation to yield


•  Add the last two expressions together and solve for


•  Similarly, the details and explicitly keeping fewer 
terms, we can produce and substitute into the above 
equation 


€ 

−c ∂
∂x

€ 

−cutx − c
2uxx =

cΔt
2
uttx −

c 2Δx
2

uxxx +
c Δt( )2

3!
utttx +

c 2 Δx( )2

3!
uxxxx +O Δt( )3, Δx( )3[ ]

€ 

utt = c 2uxx + Δt − uttt
2

+
c
2
uttx

 

  
 

  
+ Δx c

2
uxxt −

c 2

2
uxxx

 

 
 

 

 
 +O Δt( )2, Δx( )2[ ]

€ 

uttt = −c 3uxxx +O Δt,Δx[ ]
uttx = c 2uxxx +O Δt,Δx[ ]
uxxt = −c uxxx +O Δt,Δx[ ]
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Accuracy


•  And then if we plug the result into the following 
equation, 


•  We can obtain a new expression for the truncation 
error on the RHS


•  For nonzero truncation term, the equation we are 
actually solving numerically is


  

€ 

ut + cux = −
Δt
2
utt +

cΔx
2

uxx −
Δt( )2

3!
uttt −

c Δx( )2

3!
uxxx +O Δt( )3, Δx( )3[ ]

τ
                       

€ 

ut + cux =
cΔx
2
1− cΔt

Δx
 

  
 

  
uxx +O Δt( )2, Δx( )2[ ]

€ 

ut + cux = f uxx( )
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Accuracy


•  Note that the leading part of the truncation 
error is a diffusion term 


•  This shows that the fatal flaw of the 
“upstream” scheme is that it contains large 
implicit diffusion


•  Integrated for a sufficiently long period, 
the upstream scheme will diffuse any initial 
perturbation away, which makes it useless for 
long term integrations


€ 

ut + cux = f uxx( )
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Accuracy


•  A qualitative look at the performance of the 
upstream scheme


•  Owing to the extreme inherent diffusiveness 
of the upstream scheme, the amplitude has 
been greatly damped


•  However, the wave is in about the right 
place, it has been advected at about the 
right speed 


€ 

ut + cux = f uxx( )
True solution 

t 

Upstream 

Leapfrog 
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Rotating Cone Test


Initial 
Condition


1st-order 
solution exhibits 
large numerical 
diffusion


2nd-order solution 
retains over 90% 
of the initial 
tracer maxima.  
There are no 
dispersion and 
phase error
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Consistency

•  Consistency means we are solving the correct 

problem


•  Does the approximation go to the true limit as the 
mesh spacing goes to zero?


•        as    and      , so the scheme is consistent

•  Although it is not difficult to design consistent 

difference schemes, this property should not be 
taken for granted


•  Sometimes methods requires additional relationship


  

€ 

ut + cux = −
Δt
2
utt +

cΔx
2

uxx −
Δt( )2

3!
uttt −

c Δx( )2

3!
uxxx +O Δt( )3, Δx( )3[ ]

τ
                       

€ 

ut + cux =
cΔx
2
1− cΔt

Δx
 

  
 

  
uxx +O Δt( )2, Δx( )2[ ]

€ 

τ → 0

€ 

Δt

€ 

Δx→ 0
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Stability & Convergence


•  The difference between a finite difference 
approximation and a derivative (the accuracy) 
does NOT describe the difference between a 
numerical solution and the true solution


•  Let us denote the numerical solution to     
at 


•  Let us denote the true solution to the 
equation as 


•  For stability, we want to know the difference 
between the two at some long time


€ 

ψ(nΔt, jΔx)
€ 

φ j
n

€ 

t = nΔt,x = jΔx
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Norm


•  If we want to know the difference between two 
“things”, we need to establish a “norm” (a 
way of to measure its size which is the most 
direct measure of the quality of the 
numerical solution) 


•  We denote a norm of  with 


  Maximum norm (Max of the grid point values: 


     norm (the length of N dimensional vector):


€ 

|| a ||

€ 

a

€ 

||φ ||∞=max
1≤ j≤N

|φ j |

  

€ 

 2

€ 

||φ ||∞≈ |φ |∞ dx∫( )
1/∞

€ 

||φ ||2≡ |φ j |
2 Δx

j=1

N

∑
 

 
  

 

 
  

1/ 2

€ 

||φ ||2≈ |φ |2 dx∫( )
1/ 2
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Order & Convergence

•  The maximum norm is the most natural one to 

compute when working with grid-point values


•  However,   norm is also useful, because it is 
more closely related to conserved quantities, 
such as total energy


•  A finite difference scheme is convergent to order 
(p,q) if in the limit 


•  The relationship between convergence and 
consistency is described by the Lax equivalence 
theorem
€ 

||ψ(nΔt, jΔx) −φ j
n ||=O(Δt p ) +O(Δxq )

€ 

Δt,Δx→ 0

  

€ 

 2
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Order & Convergence


•  Lax Equivalence Theorem

–  The Lax equivalence theorem tells us that 
convergence is assured if the numerical scheme 
is both consistent & stable


–  So, convergence related to stability, but not 
the same


–  A scheme is convergent if integration to the 
same time with finer and finer resolution 
gives an answer that approaches to a limit


–  If a finite-difference scheme is linear, 
stable, and accurate of order (p,q), then it 
is convergent of order (p,q)


         Accurate of order: As before

         Convergent: As before

         What about stability?




9/18/11 33 

Stability


•  In other words, there are lots of schemes that 
are linear, accurate to first order or better, 
but are not stable


•  So no matter how fine the time step, you can not 
be sure that the solution after some short fixed 
time will be any good


•  The fundamental definition of stability has no 
reference to the property of the true solution!


•  Scheme is “unstable” if it generates a numerical 
solution   that grows much more rapidly than the 
true solution 


•  It is only the least-restrictive additional 
constraint that we can apply to ensure the 
convergence of solutions (i.e., stable system)
€ 

φ j
n

€ 

ψ(nΔt, jΔx)
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Stability


•  For the Lax equivalence theorem to be valid, we 
need


                            for all


•  In this expression, CT (a constant) may depend on 
for the time T, but not on      or the number of 
time steps n 


•  This permits solutions that grow with time (since 
CT may grow), but it rules out solutions that 
grow as a function of the number of time steps


•  If a scheme is unstable, it fails to satisfy the 
above relationship


€ 

||φ n ||≤ CT ||φ
0 ||

€ 

nΔt ≤ T

€ 

Δt,Δx
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Stability


•  This says nothing about the quality of the 
solution that might be obtained when using finite 
values of 


•  It only ensures that an accurate solution will be 
obtained in the limit 


•  Schemes that are stable according to this 
criteria may also generate solutions that “blow 
up”


•  In many applications, the norm of the true 
solution is constant with time, i.e.,


                             for all n


•  This criteria guarantees that the solution will 
not blow up


€ 

Δt,Δx

€ 

||φ n ||≤||φ 0 ||

€ 

Δt,Δx→ 0
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Stability


•  It is relatively easy to formulate consistent 
difference schemes and to determine their 
truncation error and order of accuracy


•  The analysis of stability can, however, be 
far more difficult


•  First we will focus on simple case, linear 
finite-difference schemes with constant 
coefficients


•  Later we will examine nonlinear and linear 
schemes with variable coefficients
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Energy Method


•  Energy method is used less frequently 

•  This method can be applied to nonlinear equations

•  Basic idea - to find a positive definite quantity 

like


•  And to show that this quantity is bounded for all 
n


•  If     is bounded, then the solution is stable 
with respect to    norm (i.e.,   is also bounded)


€ 

φ j
2( )
2

j
∑

€ 

φ j
2( )
2

j
∑

  

€ 

 2   

€ 

 2
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Energy Method


•  Example, let us investigate stability of 
upstream scheme


€ 

φ j
n+1 = 1−µ( )φ j

n + µφ j−1
n€ 

φ j
n+1 −φ j

n

Δt
+ c

φ j
n −φ j−1

n

Δx

 

 
 

 

 
 = 0

€ 

µ = cΔt /Δx
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Energy Method


•  Square both sides and sum over all j


•  If we can assume periodic boundary 
conditions, then


•  So


€ 

φ j
n+1( )

2
= 1−µ( )2 φ j

n( )
2

+ 2µ(1−µ)φ j
nφ j−1

n + µ2 φ j−1
n( )

2[ ]
j
∑

j
∑

€ 

φ j−1
n( )

j
∑

2
= φ j

n( )
j
∑

2

€ 

φ j
n+1( )

2
= 1− 2µ(1−µ)( ) φ j

n( )
2

+ 2µ(1−µ)φ j
nφ j−1

n[ ]
j
∑

j
∑

€ 

φ j
n+1( )

2
= φ j

n( )
2
−

j
∑ 2µ(1−µ) φ j

n( )
2
−φ j

nφ j−1
n[ ]

j
∑

j
∑
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Energy Method


•  Now use Schwardz inequality:  

  for two vectors, the magnitude of the dot 

product |u.v| is smaller than the product of 
the    norms:


   so


   and the last term above is positive


€ 

φ j
n+1( )

2
= φ j

n( )
2
−

j
∑ 2µ(1−µ) φ j

n( )
2
−φ j

nφ j−1
n[ ]

j
∑

j
∑

€ 

| u.v |≤| u.u |1/ 2 | v.v |1/ 2
  

€ 

 2

€ 

φ j
nφ j−1

n ≤ φ j
n( )
2

j
∑
 

 
 
 

 

 
 
 

1/ 2

φ j−1
n( )

2

j
∑
 

 
 
 

 

 
 
 j

∑
1/ 2

= φ j
n( )
2

j
∑
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Energy Method


•  As long as

•  Then


•  This implies that the scheme is “stable”

•  If     , the sufficient condition        , for 

stability leads to   


•  Therefore the total constraint on  is 


•  The stability condition may then be written


€ 

φ j
n+1( )

2

j
∑ ≤ φ j

n( )
2

j
∑

€ 

µ(1−µ) ≥ 0

€ 

µ > 0

€ 

µ(1−µ) ≥ 0

€ 

µ ≤1

€ 

µ

€ 

0 ≤ µ ≤1

€ 

0 ≤ c Δt
Δx

≤1

€ 

||φ n+1 ||2≤||φ
0 ||2
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Energy Method


•  There is a maximum limit on the time step 
beyond which scheme is unstable, and the 
stability limit becomes more severe as the 
spatial resolution is increased


€ 

0 ≤ c Δt
Δx

≤1
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Von Neumann’s Method


•  Von Neumann’s method is simpler, but applies to a 
more restricted set of problems, i.e., to linear 
finite-difference equations with constant 
coefficients


•  Basic idea:  to represent the discretized 
solution at some particular time step by a finite 
Fourier series of the form


•  The total solution will be stable if and only if 
every Fourier component is stable


€ 

φ j
n = ak

neikjΔx
k=−N

N

∑
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Von Neumann’s Method


•  Now isolate a single wavenumber


•  What are the values at neighboring points?


•  A difference of the form


•  Can be written as


•  Where 


€ 

φ j
n = ak

neikjΔx

€ 

φ j+m
n = ak

neik( j+m )Δx = φ j
neikmΔx

€ 

dφ
dx

= aφ j+2 + bφ j+1 + cφ j + fφ j−1 + gφ j−2

€ 

dφ
dx j

= Cφ j

€ 

C = aei2kΔx + beikΔx + c + fe−ikΔx + ge−i2kΔx

Eigenfunctions of 
the derivative
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Von Neumann’s Method


•  The typical finite difference scheme can be 
written


•  Recall a is a Fourier coefficient (amplitude of 
the kth finite Fourier component at the nth time 
step)


•  Ak is the amplification factor (it can be 
complex)


•  Over long times, we have


•  It follows that the stability of each Fourier 
component is determined by the modules of its 
amplification factor


€ 

ak
n+1 = Akak

n

€ 

ak
n = Akak

n−1 = (Ak )
n ak

0
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Von Neumann’s Method


•  The von Neumann stability criterion, which is 
necessary and sufficient for the stability of a 
linear constant-coefficient finite difference 
equation


•  This criterion assures that with finer and finer 
time steps, the solutions may grow, but only 
according to the Lax criterion


•  The more convenient criterion for solutions that 
are known to be bounded is


•  When the von Neumann condition is satisfied, the 
full solution is stable


€ 

| Ak |≤1+ γΔt

€ 

| Ak |≤1
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Von Neumann’s Method


•  Example: consider our earlier problem


•  To find the magnitude of Ak, multiply by 
itself and take the square root


•  So our system will be stable for wavenumber k 
if


€ 

φ j
n+1 = 1−µ( )φ j

n + µφ j−1
n

€ 

Ake
ikjΔx = (1−µ)eikjΔx + µeik( j−1)Δx

€ 

Ak =1−µ + µe−ikΔx

€ 

| Ak |
2= (1− µ + µe−ikΔx )(1− µ + µe−ikΔx ) = 1− 2µ(1− µ )(1− coskΔx)

€ 

1− 2µ(1−µ)(1− coskΔx) ≤1



9/18/11 48 

Von Neumann’s Method


•  A common task with the von Neumann method is to 
find the limits of various expressions over the 
entire range of wavenumbers


•  The wave numbers that can be resolved on the grid 
are from k=-N…N where


•  Over this range           for all k, and our 
criterion is identical to the criterion obtained 
using the energy method


•  Can be expressed as


€ 

1− 2µ(1−µ)(1− coskΔx) ≤1

€ 

N =
π
Δx

€ 

(1− coskΔx) > 0

€ 

µ(1−µ) ≥ 0

€ 

0 ≤ c Δt
Δx

≤1
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Von Neumann’s Method


•  This often termed the Courant-Fredrichs-Lewy 
(CFL) criterion.


•  Some physical insight can be gained from it


•  This can be thought of as a “sampling rate”

•  s=1 means the wave propagating at speed c will 

move one grid point   in one time step  


•  Sampling too slowly yields instability; solution 
blows up!


•  Intuition tells you that a higher sampling rate 
should be an improvement.  Actually sampling more 
frequently is not always a good idea


€ 

0 ≤ c Δt
Δx

≤1

€ 

s =
Δx
cΔt

€ 

Δx

€ 

Δt
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Von Neumann’s Method


•  If     , then |Ak|=1, and there is no amplitude 
error (solution neither grows nor decays)


•  If higher sampling rate is chosen, such that    , 
then |Ak|<1, and solution decays with time 


•  For     , the amplitude will either grow or decay 
for all waves, because |Ak| 1  


•  However, all waves are not affected equally, due 
to        term, |Ak| varies with wavenumber k


•  This turns out that shortest waves always handled 
worst


€ 

µ =1

€ 

µ <1

€ 

µ ≠1

€ 

≠

€ 

coskΔx
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Von Neumann’s Method


•  The smallest resolvable wave has a wavelength of


•  Since        ,       for    wave

•  Therefore  


•  In this case, 

•  So, If     , then |Ak|2>1, the amplitude will grow 

swiftly with time


•  Due to the presence of       in the equation, it 
is the shortest waves that will amplify the 
fastest


€ 

Lx = 2Δx

€ 

2Δx

€ 

k = 2π Lx

€ 

kΔx = π

€ 

coskΔx = cosπ = −1

€ 

| Ak |
2=1− 4µ(1−µ)

€ 

µ >1

€ 

coskΔx
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Von Neumann’s Method


•  The equation suggest that 
|A|2 curves are paraboles


•  Recall that the minimum 
resolvable wavelength is


•  As the wavelength, L, 
increases, the 
amplification factor 
approaches unity for any 
value of 


•  Within the stable regime, 
the scheme is damping for 
all values     


•  The damping increases 
as the wave length 
decreases  


€ 

Δx

€ 

| Ak |
2=1− 2µ(1−µ)(1− coskΔx)

€ 

2Δx

€ 

0 ≤ µ ≤1

€ 

0 ≤ c Δt
Δx

≤1

€ 

µ

€ 

µ <1
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Von Neumann’s Method


•  Since the true solution 
has a constant amplitude, 
this damping reveals an 
error due to finite 
differencing


•  At    , the error may be 
very great unless   is 
very small


•  It is even possible for 
this wave to be 
completely removed after 
only a single time step!


•  As the wavelength 
increases, the 
representation by a 
finite difference grid 
improves 


€ 

Δx

€ 

| Ak |
2=1− 2µ(1−µ)(1− coskΔx)

€ 

2Δx

€ 

Δt

damping neutral amplifying 

€ 

0 ≤ µ ≤1

€ 

µ =1

€ 

µ >1
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Von Neumann’s Method


•  The lesson to be learned is that the 
shortest waves tend to be mishandled, 
which implies

–  Do not invest much importance into these 
waves owing to their poor handling and


–  Make sure you choose your grid spacing to 
properly resolve the phenomenon you are 
trying to advect


–  For example, if your primary wave of 
interest is 10 km wide, choose   on the 
order of 1 km, so your feature is   
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Δx

€ 

10Δx
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Courant-Fredrichs-Levy (CFL) 
Condition


•  The CFL stability criterion approaches the 
problem of stability in a different way: 


–  We use the properties of solutions of PDEs 
along characteristics


•  Recall that the solution at some point x and 
time t could be known if the characteristics 
that go through the point have intersected a 
data line 


–  But we could NOT know the solution if the 
characteristics never touch a data line
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Courant-Fredrichs-Levy (CFL) 
Condition


•  In a finite difference scheme, the stencil of 
points involved in the solution can be laid 
out in space and time


•  We then treat data line(s) as thought they 
extend between all the points in the stencil
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u j
n
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u j
n+1

€ 

u j−1
n

t 
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u j+1
n

€ 

u j
n−1

Numerical 
“data lines”


Characteristic
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Courant-Fredrichs-Levy (CFL) 
Condition


•  The CFL condition states that the 
characteristic defining the true solution at 
a grid point must cross a numerical line 
(i.e., inside the domain of dependence of the 
numerical solution at that point)


•  That is, when 
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u j
n

€ 

u j
n+1

€ 

u j−1
n

t 

€ 

u j+1
n

€ 

u j
n−1

Numerical 
“data lines”


Characteristic
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cΔt ≤ Δx
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Courant-Fredrichs-Levy (CFL) 
Condition


•  Fourth order scheme has wider domain of 
dependence 
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u j
n
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u j
n+2
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u j−1
n
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u j+1
n
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u j−2
n
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 The CFL Condition does not guarantee 
stability. It only guarantees instability 
if violated.


Courant-Fredrichs-Levy (CFL) 
Condition



