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1. Kinematics of Large-Scale  
    Horizontal Flow 
2. Dynamics of Horizontal Flow 
3. Primitive Equations 
4. The Atmospheric General  
    Circulation 
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1) Real Forces: 
 Pressure gradient - ∂P/∂x 
 Friction   - ν ∂2U∂z2 

 Gravity   - ρ g 
2) Reference Frames: 
 Inertial (non-accelerating)   Newtonian Dynamics 
 Non-Inertial (accelerating)   Apparent Forces (Coriolis) 
3) Time Tendency: 
 Fixed observer           Material Deriviative 
 Observer “riding” motion         Lagrangian Deriviative 
4) Conservation Laws: 
 Mass    m 
 Momentum (force equation) linear + angular 
 Energy    1/2mv2 + ρCpT + ρgz  
5) Scaling of the Equations of Motion: 
 Geostrophic Balance  Rossby Number 
 Turbulence   Reynold’s Number 
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Horizontal Pressure-Gradients & Wind
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In an inertial (non-accelerating) reference frame Newton’s Laws  
of Motion can be directly applied to a parcel of gas in order to  
determine its time tendency (acceleration). 

Euler’s Equation: 

Dv/Dt is the material or advective deriviative in an inertial  
reference frame.  It can be related to the Lagrangian deriviative  
(“riding” the parcel) via € 

dV
dt

= PG +G + C + F

€ 

dV
dt

=
∂V
∂t

+ u∂V
∂x

+ v ∂V
∂y

+ w ∂V
∂z

= PG +G + C + F
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Horizontal Pressure-Gradients & Wind




A = PG + G + C 

A = PG + G + C + F 
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The vertical force balance is known as hydrostatic equilibrium: 

The vertical force per unit mass: 

In general the total pressure force:  

Horizontal components of the pressure gradient force: 
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  Analogous to the slope of a hill, 

  Closely spaced isobars indicate a steep PG (steep hill) 

and strong winds.

  Widely spaced isobars indicate a weak PG (gentle hill) and 

light winds.

  Acceleration is thus downslope (i.e., from high to low 

pressure). 




3/30/10 10 

Horizontal Pressure-Gradients & Wind
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Horizontal Pressure-Gradients & Wind
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Vertical Pressure-Gradients
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Vertical Pressure-Gradients
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Vertical Pressure-Gradients
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Vertical Pressure-Gradients
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Vertical Pressure-Gradients


€ 

1
ρ
dp
dz

= −g → 976 cm s−2 ≅ 980 cm s−2
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€ 

du
dt

= −
1
ρ
∂p
∂x

+ fv + Fx

€ 

dv
dt

= −
1
ρ
∂p
∂y

− fu+ Fy

East-West direction (x, u positive toward East): 

North-South direction (y, v positive toward North): 

where Fx,y is the external force (e.g. friction) 

€ 

dV
dt

= PG + C + F
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€ 

du
dt

= −
1
ρ
∂p
∂x

+ fv + Fx

€ 

dv
dt

= −
1
ρ
∂p
∂y

− fu+ FyE-W: N-S: 

Outside of the Boundary Layer (above ~1km altitude) the friction 
components are insignificant.  If the acceleration terms are small, 
then those too may also be ignored.  To determine if du/dt & dv/dt can be 
ignored, compare their magnitude to the Coriolis Force for a typical 
velocity (U), lengthscale (L) and timescale (T ~ L/U) 

dU/dt  ~  U/T ~ U2/L;      
fu  ~  f U 

The non-dimensional Rossby Number: (dU/dt)/fu ~ U/fL is a measure of 
the relative magnitude of the acceleration to Coriolis terms. 

Ro = U/fL 



3/30/10 19 

€ 

1
ρ
∂p
∂x

= fv

€ 

−
1
ρ
∂p
∂y

= fu

Above ~1km altitude (outside the boundary layer) Fx,y =0: 

Note that this force balance is diagnostic, not prognostic, 
i.e., there is no tendency or time evolution.  This is called 
the Geostrophic Balance.  The wind velocity that exactly 
solves these equations is known as the Geostrophic Wind. 
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€ 

1
ρ
∂p
∂x

= fv

€ 

−
1
ρ
∂p
∂y

= fu

Above ~1km altitude (outside the boundary layer) Fx,y =0: 

For Synoptic Scale Motions: 

L ~ 1000 KM ~ 106 m 
U ~ 10 ms-1 

f ~ 7 x 10-5 s-1 

Ro = U/fL ~ 1/7 ~14% 

The smallness of the Rossby number is a measure of the accuracy 
of the Geostrophic Approximation.  At mid-latitudes the geostrophic 
equations are generally accurate to about 10%. 
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€ 

1
ρ
∂p
∂x

= fv

€ 

−
1
ρ
∂p
∂y

= fu

The smallness of the Rossby number is a measure of the accuracy 
of the Geostrophic Approximation.  At mid-latitudes the geostrophic 
equations are accurate to about 10% 

These equations of motion are diagnostic equations, i.e., they can  
be used to infer the velocity field if the pressure variation is known,  
or they can be used to determine the pressure field if the velocity  
field is known. These equations cannot be used to determine the 
time evolution of either the pressure or temperature fields. 

In order to determine the time evolution, the du/dt term is needed. 
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To first approximation, the horizontal balance of forces in the Earth’s atmosphere 
is between the pressure gradient force and the Coriolis force.   

The approximation that they are in perfect balance is known as the Geostrophic 
Wind.   It is typically accurate to of order 10% at mid latitudes, away from the 
equator, for synoptic scale motions. 

€ 

−
1
ρ
∂p
∂y

= fu

€ 

1
ρ
∂p
∂x

= fv
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The role of friction in the atmosphere is to produce a “drag”  
on atmospheric motion.  However, the magnitude of the frictional 
drag is generally very difficult to quantify.  The reason is that the 
drag force is due to a variety of physical processes, all of which 
transfer momentum between the surface and the free atmosphere. 
The Frictional Force per unit mass: 

where τ represents the vertical component of the shear stress 
(rate of vertical exchange of horizontal momentum) due to the 
presence of smaller, unresolved scales of motion.  The shear 
stress at the surface of the Earth is: 
   τs = - ρ CD Vs V 
CD = drag coefficient, Vs = scaler velocity, V = vector velocity 
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The Coriolis Force and Pressure Gradient Force are always  
perpendicular to the direction of flow.  However, the Frictional 
Force is always opposite to the direction of flow. 
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The effect of friction is to slow down the flow. The resulting  
balance of forces leads to a cross-isobar drift, generally from 
high pressure to low pressure.  Thus friction is a primary means 
of generating flow which  is not parallel to the isobars. 
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€ 

du
dt

= −
1
ρ
∂p
dy

− fu+
u2

R

For rapidly rotating flow outside of the surface friction layer, 
the angular rotation produces a centripetal acceleration. 
The three-way balance of forces in Gradient Flow (Pressure  
gradient, Coriolis, and Centripetal) leads to a modification of  
the force balance equations so that: 

where R is the radius of curvature of the flow streamlines. 
For steady flow, du/dt = 0, and we can use the definition of 
geostrophic wind to give an equation that can be solved 
algebraically for the flow velocity u. 

€ 

0 = ug − fu+
u2

R
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€ 

du
dt

= −
1
ρ
∂p
dy

− fu+
u2

R
= 0

For rapidly rotating steady flow: 

where R is the radius of curvature of the flow streamlines. 
For rapid rotation the pressure gradient 
force is balanced by the centripetal term. 
The relative magnitude of  the centripetal 
to the Coriolis term is: 

 Rossby No. ~ (U2/R)/fU ~ U/fR 

Thus the largeness of  the Rossby # is a measure of  the accuracy of  
the Cyclostropyhic Approximation. 
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The wind associated with a three-way balance between 
pressure gradient, Coriolis, and centrifugal forces is called 
the gradient wind 
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The horizontal pressure gradients 
and geostrophic winds may vary 
with height in response to horizontal 
temperature gradients  

€ 

∂ug
∂t

= −
g
fT
∂T
dy

€ 

∂vg
∂t

=
g
fT
∂T
dx

The Thermal Wind Equation implies 
a diagnostic relationship between the 
temperature structure and the wind 
structure. 

€ 

f = 2Ωsinφ

Coriolis parameter depends on 
the latitude  

€ 

φ



€ 

P = ρairRTv

€ 

∂U j

∂x j

= 0

€ 

dUi

dt
=
∂Ui

∂t
+U j

∂Ui

∂x j

= −δi3g + fεij3U j −
1
ρ
∂P
∂xi

+ ν
∂2Ui

∂x j
2

€ 

dθ
dt

=
∂θ
∂t

+U j
∂θ
∂x j

= νθ
∂2θ
∂x j

2 + SH

€ 

dqt
dt

=
∂qt
∂t

+U j
∂qt
∂x j

= ν q
∂2q
∂x j

2 + Sq

€ 

dC
dt

=
∂C
∂t

+U j
∂C
∂x j

= νC
∂2C
∂x j

2 + SC
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